Discrete symmetries and the muon's gyro-gravitational ratio in g — 2 experiments 
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We show that recent, persistent discrepancies between theory and experiment can be interpreted 
as corrections to the gyro-gravitational ratio of the muon and lead to improved upper limits on the 
violation of discrete symmetries in rotational inertia. 
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In a recent comment one of us (G.P.) suggested that discrepancies between the experimental and standard model 
values of the muon's anomalous magnetic moment a^{exp) — - a^(SM) lead to upper limits on the violation of discrete 
symmetries in the spin-rotation coupling [1] . Improved values of (exp) for positive and negative muons and persis- 
tent, residual differences a^{exp) — a^(SM) can now be used to reduce the extent of P and T violation in spin-rotation 
coupling and also to determine the parameters e+ and e_ of [1]. These quantities can be interpreted as corrections to 
the gyro-gravitational ratio of the muon. The argument is summarized below. 

<7 — 2 experiments involve muons in storage rings [2] . As the muons decay, the angular distribution of those electrons 
projected forward in the direction of motion reflect the precession of the muon spin along the cyclotron orbits. The 
value of a M is determined experimentally from the number of decay electrons or positrons [3,4] 
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where m is the mass of the muon and 7T its dilated lifetime. N , C and <j) a depend on the energy threshold selected. 
Equation (1) can be directly related to the muon Hamiltonian H that follows from the Dirac equation in the muon's 
rotating frame. H can be split into a part Hq that is diagonal and contributes only to the overall energy E of the 
states, and a part 



(2) 



that accounts for spin precession. The spin-rotation coupling in (2) is also known as the Mashhoon term [5]. 
fi = (1 + dp) Ho represents the total magnetic moment of the muon. Before decay the muon states can be repre- 
sented as 
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where \tp + > and \ip_ > are the right and left helicity states of the Hamiltonian H . For simplicity all quantities 
are taken to be time- independent. It is also assumed that the effects of electric fields used to stabilize the orbits 
and stray radial electric fields are cancelled by choosing an appropriate muon momentum [2] . The total Hamiltonian 
H = Hq + H' is most conveniently referred to a left-handed triad of axes rotating about the X2-axis in the direction of 
motion of the muons. The X3-axis is tangent to the orbits and in the direction of the muon momentum. The magnetic 
field is B2 = —B. As shown in [6], H 1 by itself accounts for the main features of (1). 

Assume now that the coupling of rotation to | ip+ > differs in strength from that to | ^_ > as in [1]. This 

can be accomplished by multiplying the Mashhoon term in (2) by the matrix A = (^ K q ^ ^ that reflects the 

different coupling strength of rotation to the two helicity states. A violation of P and T in H thus arises through 
k + — K- ^ 0. The constants k + and k_ are assumed to differ from unity by small amounts e+ and e_. Persistent, 
residual discrepancies in very high precision measurements of for both positive and negative muons [3,4] can now 
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be used to find the values of both e+ and e_. The same discrepancies yield upper limits on P and T invariance 
violations in spin-rotation coupling. 

The coefficients a(t) and b(t) in (3) evolve in time according to 

where 

M-( i{K + <f-^B)\ 

M -\-i{n-^-»B) E-i\ )> & 

and T represents the width of the muon. The spin-rotation term is off-diagonal in (5) and does not therefore couple 
to matter universally. It violates Hermiticity as shown in [1] and, in a general way, in [7]. It also violates T, P and 
PT, while nothing can be said about CPT conservation which requires H to be Hcrmitian [8,9]. Non-Hermitian 
corrections to the width of the muon are of second order in e± 's and are neglected. 
M has eigenvalues h = E — iT/2± R and eigenstates 

|Vi > = AT [77IV+ > + |V>- >], 

IV2 > = AT [-77IV+ > >] , (6) 

where 

R = ^(k^-^b) (k.^-hB), (7) 
\N\ 2 = 1/ (l + \t]\ 2 ) and 77 = i - ^S). Then the muon states (3) that satisfy the condition \ip(0) >= \ip_ > 



are 
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\ip{t) >= [-2i<q sin Rt\ip+ > +2 cos Rt\ip- >], (8) 



and the spin-flip probability is 

p^^ + = \<^+\m > 1 2 

2 K—L02 — 2(jlB 



[1 - cos (2i?*)] . (9) 



When k + = K- = 1, (9) reproduces the essential features of (1) [6]. 
Substituting k + = 1 + e + , k_ = 1 + e_ into (9), one finds 

p^ + = ^-r-^r [1 - cos (2fl*)] • (10) 

A similar expression for P^, + ^_ can be obtained starting from the condition |^>(0) >= \tp+ >. 

We attribute the discrepancy between a^exp) and a M (5M) to a violation of the conservation of the discrete 
symmetries by the spin-rotation coupling term — ^Auj^cr 2 ■ The upper limit on the violation of P, T and PT is derived 
from (10) assuming that the deviation from the current value of a^(SM) is wholly due to e±. The most precise sets of 
data yet give a M+ (exp) — (SM) = b = 26 x 10~ 10 for positive muons [3] and (exp) — (SM) = d = 33 x 10~ 10 
for negative muons [4] . These then are the upper limits to the violation of the discrete symmetries. 

At the same time the two values of a^exp) — a^(SM) are due, in the model, to the different coupling strengths 
between rotational inertia and the two helicity states of the muon. The values of e+ and e_ can be determined from 
cos(2i?i) in (9). The equations are 

(«w - e +) - e -) = &2 (11) 

and 

(a^_ - e+) (a„_ - e_) = d 2 . (12) 
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The reality condition that follows from the solutions of (11) and (12) is satisfied, for b and d fixed, by ranges of 
values of a + and a_ that are compatible with present experimental accuracies. Equations (11) and (12) have the 
approximate solutions 
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(13) 
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More precise, numerical solutions give e+ ~ 11659189-10" 10 , e_ ~ 11659152-lCr 10 and Ae = e+-e_ ~ 37.65878-lCr 10 . 
These values are significant in view of the precision with which a^±,b, d have been determined. In our simple model, 
therefore, the coupling of rotation to positive helicity is larger than that to negative helicity. 

In conclusion, muons in storage rings are rotating quantum gyroscopes that are sensitive probes of rotational inertia. 
Extremely precise g — 2 experiments also concern the violation of the equivalence principle in quantum mechanics 
[10,11] and the conservation of discrete symmetries. Possibly, the deviations a^(exp) — o M (5M) will be ultimately 
explained in ways more conventional than inertial anomalies. However, the upper limits on the violations of P and 
T in inertia-gravity interactions that can be reached by g — 2 experiments are at least as sensitive as those obtained 
by other means [12-15]. There are some important differences too. The g — 2 measurements are performed in strictly 
controlled laboratory conditions. In addition, the limits obtained apply to terms in H 1 that make themselves manifest 
in an essential way in g — 2 experiments and are an inescapable consequence of the covariant Dirac equation. The 
validity of this equation in an incrtial-gravitational context finds support in the experimental verifications of the 
Page- Werner [16] and Bonse-Wroblewski [17] effects. 

If the deviations a^exp) — a^(SM) are entirely due to a difference in the coupling strength between rotation and 
the helicity states, then the gyro-gravitational ratio of the muon is no longer unity and the violation of P and T 
is relatively stronger for positive helicity. This also means that rotating objects are inherent sources of P and T 
violation. 

In derivations based on the covariant Dirac equation, the coupling of inertia and gravitation to spin is identical 
to that for orbital angular momentum. It is then said that the gyro-gravitational ratio of a spin— 1/2 particle is one 
[18-21]. A suggestive interpretation of this result is that the internal distributions of the gravitational mass, associated 
with the interaction, and of inertial mass, associated with the angular momentum, equal each other [18]. This is no 
longer so when e± ^ 0. There is a certain similarity, here, with the electromagnetic case where g = 2 is required by 
the Dirac equation, but not by quantum electrodynamics. The deviations of k + and k_ from unity that are consistent 
with g — 2 experiments are both of the order of a M , or ~ 10 -3 , and differ from each other by Ae ~ 3.7 • 10 -9 . While 
small values of e± do not give rise to measurable mass differences in macroscopic objects [1], violations of the discrete 
symmetries may have interesting astrophysical and cosmological implications. 
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